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Introduction Theoretical results Practical Designs & Empirical Studies (Cont.)

= Optimization is a crucial part of deep learning applications, especially in training Convex Nonsmooth Convergence of ASGO Practical Design 2: Choosing the Preconditioning-Side.
large foundation models. Currently, AdamW is the workhorse of deep learning _ e
optimizers, with Muon as a rising challenger. Assume f : R™*™ —s R is convex and W, is an optimum, for ASGO, it holds that In theor.y, the preconditioning-side does rmt affect jche. convergence rate. |
, , , , , - - = In practice, for a neural network, the choice has a significant structural meaning.
= AdamW's Flaw. It vectorizes all parameters, completely ignoring the rich S S 3
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= Muon’s Flaw. While it respects matrix structure, it lacks adaptivity. Also, the y W =
effectiveness of Muon in exploiting the matrix structure lacks proper illustration. * For W with singular values {0}, |||, denotes the spectral norm oy, || W]|, * Each row of W (e.g., (w1, .. .]) contains all weights for a single output neuron.
. 1 :
Wi € )?2%%131 {(Gt, W — Wy + Q_WHW - Wtng} . denotes the trace norm > _ o, and ||IW||» denotes the Frobenius norm /> aZ.Q. The Ablation study on the preconditioning side:
- Structural P ties DNN tantly <h | fructural o = ASGO provably exploits gradient low-rankness:
ructural Froperties. LININS consistently Show clear structural properties. oD Q. D Learning Rate Validation Loss (Left Side) Validation Loss (Right Side)
= Low-Rank Gradients: gradients are usually SGD: O FHE ASGO: O k1 0p
= Block-Diagonal Hessians . VT ' VT 5e-4 3.582 3.569
: f i ; : Poc? = Gr < Gy < /rcGr, where 1 is the highest rank of ;. Thus when G, are low-rank, or have very le-3 3.468 3.447
How to design an optimizer to effectively exploit the structural properties: mbalanced tnaular values, & can be cloge to Cr o3 3378 3434
= Dy/\/Tp < Doy < Dy, Where rp is the max rank of W, — W.. Thus, when W, — IV, are relatively 1e-2 3412 3.386
ASGO AlgOrlthm high-rank, D,, can be much smaller than Dy.
= ASGO achieves at least Dp/D,,, times faster convergence compared to Shampoo, Practical Design 3: Computing the Inverse Square Root through Newton-Schulz.
ASGO Algorithm. while Muon can diverge under this nonsmooth setting [3].
: , : _ = We adopt the iterative Newton-Schultz (NS) method to compute the matrix
Algorithm 1 ASGO (Adaptive Structured Gradient Optimization) Convex Smooth Convergence of ASGO square root inverse instead of standard expensive methods like SVD.
t: Input: Wy € R™*", ¢ € R, schedule {7;} and batch size M € N * This is efficient because A~1/2 is equivalent to a sub-block of the matrix sign
2: Initialize R_; =0 € R™"*" Assumption (Block-wise Diagonal Smoothness). f : R”*" is 1-smooth with re- function MatrixSign(-) of an augmented matrix:
3 fort=0to7 —1do spect to ||-||;, where L € R"*" is a symmetric positive definite matrix and for any ) _
4:  Sample mini-batch B; with |B;| = M uniformly W e R™* ||W||% £ t(WLW ), which implies that . 0 A 0 Al2
1 | ’ L ’ MatrixSign =1 1
5 Gt =7 2_¢ces, VS (We &) L I L I L0 A2 0
6 Ri=Ri_1+G/ G — | | =V w) = | e | e RN . . _ _
2 Wiy = Wy — G By + Gln)_% | L | L Wall-Clock Time (WCT) per Training Step.
8. end for if we vectorize the variable, such that fv(w) = f(W) if w = [Wl, ce ] Wm] c R™n, Optimizer Single Train Step WCT Time Difference
Relations with Muon, SighSGD and Adam: An Analogy Theorem. Assume the stochastic gradient noise Ny = Vf(Wt; f) — Vf(Wt) be AdamW 5.451 sec O sec
unbiased and has bounded covariance E[NtTNt] < V2 e R"™", For ASGO under Muon 5519 sec 0.068 sec
Muon (Matrix): for 1/, € R™*" ASGO (Matrix): for W; € RMx" convex and block-wise smooth assumptions with batch size ), it holds that ASGO (Ours) 5947 sec 0.468 sec
T-1 2
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M; = BM; 1 + (1 = B)G; When 8 = 0 My = SiMy1 + (1 = B)Gy N E[f(Wy)] — (W) < — R0 op 117 I+ ) AT L : .
Wiy — Wi — mMatrixSign(3) o oomeni - V= BVt (L— BIGTC) T tz_% x) < T JMT The Big \’/’Vm. -’|’-hIS efficiency allows ASC?O to update the preconditioner every
Wit = Wo— m MV Y2 step (no "stale” updates from amortization).
\ - t / = ASGO well fits the block-wise diagonal Hessian settings! = The Cost: ASGO adds only 0.468 sec (an 8.6% increase) to the total step time

compared to AdamW which the dominant computational bottelnect is the
forward/backward pass.

Practical Designs & Empirical Studies

Pretrain Experiments Results:

Algorithm 2 A Practical Implementation of ASGO (for Wt e R™%" such that m > n)
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1: Input: W, € R™*" Irschedule {n;}, momentums 31, 3> € [0, 1), batch size M € N, § s > = y—
' ' e € R (should be small, similar to the ¢ for Adam.) G N - Shampoo
SignSGD (Vector): for w; € R? Adam (Vector): for w; ¢ R? R 2 Initialize M_j = 0 € R™*" V_, = ( € R"X" S1fm < mn,set Vo, =0 € RMXM " — ]
m, = Simy_1 + (1 — Bi)g; 3 fort=0to7 —1do g &
my = prmg— JSF.<1 ~ he: & n\év:fctﬁl]a%m Vi = Vi + (1 — B)diag(gig, ) 4. Sample mini-batch B; with |B| = M uniformly : "54_0
Wiy = W — 1, Sign(my) Wi = W; — ntvt_l/th 5: Gt = ﬁ ng[ﬁt va<Wt§ f)
) ’ 6: My = 1My +(1— B1)Gy | S b
7: ‘/;5 — /82‘/};_1 _|_ (1 T /82>G;|_Gt [> If m < n’ ‘/Yt — /62‘/%_1 —|_ <1 o /62>GtG;|_ 30 500 1000 - m‘m‘Mmmmwwu 00 e — 3'00 500 1000 1500 2000
Relations with Shampoo: One-sided Preconditioner. 8: A%nv = Sq_rtInverseNewtonSchulz(V;g) > Run NS to inverse square root Step Step
0.2¢/mn MNP 0.2¢/mnA\™Y My
o W= U AW =y, 21 Wi = W= References
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embedding parameters. We align the update norms of two optimizers by line 9.
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